In this paper, we propose a switched autonomous system with time delay to model the 1,3-propanediol (1,3-PD) production in a fed-batch process. Taking the switching instants and the terminal time as the control variables, we formulate a constrained time-delayed optimal control (CTOC) problem to optimize the 1,3-PD production process. Using a time-scaling transformation and parametrizing the switching instants into new parameters, an equivalent CTOC problem is investigated. A numerical solution method is then developed to seek the optimal control strategy. This method is based on the constraint transcription technique and the gradients of the cost functional together with those of the constraints. Numerical simulation results show that the mass of 1,3-PD per unit time at the terminal time is increased considerably compared with the experiment results.
Introduction
Fed-batch is a technique in microbial processes in which one or more nutrients are supplied to the reactor during the cultivation process and products remain in the reactor until the end of the run. The objective of the fed-batch process is to maximize the productivity and/or profit by manipulating control variables, such as the substrate feed rate, pH and switching times (see Modak, 1993) . The problem can be formulated as an optimal control problem. Thus, the problem of determining optimal controls for fed-batch processes has become an important field of interest in control engineering (see Modak et al., 1986; Jong et al., 1994; Ashoori et al., 2009; .
1,3-Propanediol (1,3-PD) is one of the important products used in the chemical industry, in particular for production of polyesters. Using glycerol for producing 1,3-PD is effective from both the economical and ecological point of view. One efficient way to produce 1,3-PD is by using the fed-batch process in which the addition of substrate is controlled to achieve a high cell density and high production of 1,3-PD by avoiding substrate inhibition (see Biebl et al., 1999) . Therefore, significant amounts of experimental research has been conducted to study the bioconversion of 1,3-PD from glycerol in fed-batch processes (see Chen et al., 2003; Ji et al., 2009; Jun et al., 2010) . More importantly, since a cell must undergo some change or growth process for which it needs some time before it reacts with others, time delays exist in the process (see Menzel et al., 1996; Xiu et al., 2002) .
It is obvious that a model-based efficient approach is necessary to ensure maximum productivity with the lowest possible cost in fed-batch processes, without requiring a human operator. For the nondelayed mathematical models, the optimal impulsive control problem involving the fed-batch process with pulse feed and its properties were discussed in Gao et al. (2005) and Wang et al. (2008) . In contrast, 570 C. Y. LIU taking the feed process as a continuous process, a multistage optimal control problem was presented in Liu et al. (2009) . The existence of the optimal control and numerical algorithms were then investigated (see Liu, 2009; Liu et al., 2009) . Furthermore, exploiting the hybrid nature of the fed-batch process, namely, the process switches between the batch process and the feed process, an optimal switching control problem was proposed (see Liu et al., 2008) . Then, for the optimal switching control problem, some important properties (see Liu et al., 2008) and numerical solution approaches (see Liu et al., , 2012 were discussed. Although the achieved results are interesting, these papers mainly focus on the optimal control problems in which the control variables are the feed rate of substrate and the switching instants between the batch process and the feed process are fixed. Moreover, time delays are ignored in the above research. However, like most real systems, fed-batch bioreactors are also influenced by delays.
In this paper, unlike previous studies, we focus on an optimal control problem in fed-batch process with constant feed rate; a simple feeding mode has been widely applied for the production of many bioproducts (see Andriantsoa et al., 1984; Zhu & Sun, 2009; Gurramkonda et al., 2010) . Considering the existence of time delay and the hybrid nature in the process, we propose a switched autonomous system with time delay to formulate the process. Some important properties of this system are also discussed. In order to simultaneously obtain high productivity and reduce the operation costs, an optimal control model with free terminal time involving the switched autonomous system and subject to continuous state constraints is presented.
There has been mounting interest in optimal control of switched autonomous systems where the sequence of dynamic responses is fixed and the control variables consist of the switching instants (see Giua et al., 2001; Xu & Antsaklis, 2002; Egerstedt et al., 2003; Luus & Chen, 2004; Loxton et al., 2009a,b; Lin et al., 2011; Jiang et al., 2012b) . Nevertheless, time delays are ignored in these optimal control problems. However, many important engineering problems can be posed as time-delayed optimal control problems. In recent decades, time-delayed optimal control problems have been very important issues in control theory and have attracted the attention of many researchers. Kharatishvili (1961) was the first to provide a maximum principle for optimal control problems with a constant state delay. It should, however, be noted that many time-delay systems are highly non-linear. Therefore, it is often impossible to obtain analytical solutions of the time-delayed optimal control problem and one has to resort to numerical solution methods. Wong et al. (2002) presented the control parametrization enhancing transform to solve the time-delayed optimal control problem. A model transformation is used to convert the time-delayed optimal control problem into an optimal control problem without time-delayed arguments. However, for a small delay, this method requires creating a large number of new state variables with corresponding boundary value constraints. By parametrizing the switching instants, a computational method for solving an optimal control problem of switched systems with time delay was developed in Wu et al. (2006) . Nonetheless, state and control constraints are not considered in Wu et al. (2006) . Based on the use of a Pontryagin-type maximum principle, time-delayed optimal control problems with mixed control-state inequality constraints were considered by Göllmann et al. (2009) . Nevertheless, the maximum principle for an optimal control problem with time delays can involve a future history of the adjoint variable, resulting in a coupled system with both forward and backward delays (see Gorecki et al., 1989) . More importantly, terminal times of the above optimal control problems are fixed. The presence of free terminal time as well as time delay makes the optimal control of switched autonomous systems much more complicated. Thus, to solve the constrained time-delayed optimal control (CTOC) problem in this work, these existing computational methods cannot be used directly and new computational techniques should be explored.
In this paper, by a time-scaling transformation, we equivalently transcribe the CTOC problem into one with fixed terminal time. Furthermore, using the approach in Kaya & Noakes (2003) , the switching 571 instants in the resulting CTOC problem are parametrized as a new parameter vector. A computational method for solving the optimal control problem is developed in two aspects. On the one hand, the constraint transcription technique is applied to approximating the continuous state constraints by constraints in canonical form. On the other hand, the gradients of the cost functional and constraints with respect to the terminal time and new parameter vector are derived. It should be noted that the method for computing those gradients involves integrating the state system with time delay and the auxiliary systems forward in time simultaneously. On this basis, a gradient-based optimization technique is constructed to seek the optimal control strategy in the CTOC problem. Numerical simulation results show that the final mass of 1,3-PD per unit time is increased considerably compared with the experimental results.
The organization of this paper is as follows. In Section 2, a switched autonomous system model for a fed-batch process is formulated. Section 3 gives an optimal control model and its equivalent form in the fed-batch process. Section 4 develops a numerical solution method to solve the optimal control problem, while Section 5 illustrates the numerical simulation results. Finally, conclusions are provided in Section 6.
Switched autonomous system for a fed-batch process
A fed-batch process oscillates between two modes: mode 1 is a batch mode and mode 2 is a feed mode. The fed-batch process starts with a batch process, then batch-fed substrates are poured into the reactor with constant feeding rates to provide nutrition and maintain a suitable environment for cell growth. Based on previous work (see and taking the delay effect on the production of new biomass into account, the following switched autonomous system with time delay can be used to describe the fed-batch process
+ is the system state vector whose components are, respectively, biomass, glycerol, 1,3-PD, acetate and ethanol concentrations and the volume of culture fluid at time t in the reactor. Moreover, x 0 ∈ R 6 is a given initial state, h is a delay argument bounded above by a given constanth and φ(t) is a given continuous function defined on [−h, 0] .
is a piecewise constant function of time, in which i(t) = 1 corresponds to the batch process, and i(t) = 2 denotes the feed process. The dynamics of the batch and feed processes are given by
and 
In (2.2) and (2.3), c s0 > 0 denotes the concentration of the initial feed of glycerol in the medium, r > 0 is the velocity ratio of adding alkali to glycerol and v > 0 is the constant velocity of feeding glycerol. The dilution rate D(x(t)) is defined by
The specific growth rate of cells μ, the specific consumption rate of substrate q 2 and the specific formation rates of products q , = 3, 4, 5, are expressed by the following equations on the basis of previous work (see Xiu et al., 2000) :
Under anaerobic conditions at 37
• C and pH 7.0, the critical concentrations x * and x * for cell growth and the kinetic parameters in (2.5-2.8) are listed in Table 1 .
The state trajectory evolution of the system (2.1) is controlled by choosing a switching sequence
with τ 0 = 0, τ 2n+1 = T, i j ∈ I and τ i , j = 1, 2, . . . , 2n, being the switching instants. This switching sequence indicates that
In addition, according to the fed-batch process, the switching sequence is preassigned, that is, i 2k+1 = 1, k = 0, 1, . . . , n, and i 2k = 2, k = 1, 2, . . . , n. Thus, the switching instants τ j , j = 1, . . . , 2n, and the terminal time T are decision variables. We emphasize that the state of the system (2.1) does not undergo jumps at the switching instants. Since biological considerations limit the rate of switching, there are maximal and minimal time durations that are spent on each of the batch and feed processes. On this basis, define the set of admissible switching instants and terminal time as
where ρ i and δ i are the minimal and maximal time durations, respectively. Accordingly, any τ ∈ Γ is regarded as an admissible vector of switching instants and terminal time.
There exist critical concentrations of biomass, glycerol, 1,3-PD, acetate and ethanol, outside which cells cease to grow. Hence, it is biologically meaningful to restrict the concentrations of biomass, glycerol and products within a set W defined as
For the system (2.1), some important properties are given in the following theorems.
2) together with (2.3) satisfies the following conditions:
, together with its partial derivatives with respect to x and y, is continuous on R 12) where · denotes the Euclidean norm.
Proof. The proof of this theorem is similar to the one given for Liu & Feng (2011, Theorem 2.1).
Theorem 2.2 For each τ ∈ Γ , the system (2.1) has a unique continuous solution, denoted by
Proof. The proof can be obtained from Theorem 2.1 and the theory of delay-differential equations (see Hale & Verduyn Lunel, 1993 ).
The following result, which can be proved in a similar manner to Liu et al. (2013, Theorem 2. 3), gives that the solution is uniformly bounded.
Theorem 2.3 Given the continuous function φ(t) and the initial state x 0 , the unique solution x(·|τ ) of the system (2.1) is uniformly bounded.
Optimal control of the fed-batch process
In the fed-batch process, it is desired that the mass of 1,3-PD should be maximized at the end of the process, and at the same time, the operation costs should be reduced. This is achieved by manipulating 574 C. Y. LIU some control variables. In this section, an optimal control problem and its equivalent form in the fedbatch process are discussed.
Define the set of solutions to the system (2.1) as
is the solution of the system (2.1)}. (3.1)
Due to the constraint (2.11) on the state, we can define the feasible set of solutions as
Consequently, the feasible set of switching instants and terminal time is
The cost functional must consist of the mass of 1,3-PD (see . Furthermore, the duration of the fed-batch process is also a critical factor determining the operation costs and needs to be incorporated in the cost functional. Thus, the final mass of 1,3-PD per unit time is taken as the cost functional and the CTOC problem in the fed-batch process can be formulated as
where x 3 (T|τ ) and x 6 (T|τ ) are, respectively, the third and the sixth components of the solution to the system (2.1) at the terminal time T.
Note that the CTOC is of non-standard type because the switching instants, as well as the terminal time, are variables to be determined. Thus, the CTOC is actually a free terminal time CTOC problem. It is difficult to solve the CTOC using existing numerical techniques (see Loxton et al., 2009b; Lin et al., 2011) . The main difficulty is the implicit dependence of the system state on the terminal time. We now employ a time-scaling transformation from t ∈ [0, T] to s ∈ [0, 1] as follows: s) ) and s j := τ j /T, j = 1, 2, . . . , 2n + 1. As a result, the original switched autonomous system (2.1) takes the form
Furthermore, let ξ j := s j − s j−1 , j = 1, 2, . . . , 2n + 1 (3.6) be the duration between s i−1 and s i . Clearly, for s ∈ (s j−1 , s j ], j = 1, 2, . . . , 2n + 1. With this transformation, we see that the statex is not only a function of s, but also of T and ξ . Then, the system (3.5) can be written as
with the intermediate conditioñ
and the initial conditionsx
In addition, the constraints (2.10) and (2.11) become, respectively,
whereρ j = ρ j /T andδ j = δ j /T. Furthermore, the feasible set of the terminal time and the switching instants can be rewritten asF
As a result, the CTOC turns into the following equivalently constrained time-delayed optimal control (ECTOC) problem:
Note that the ECTOC is a CTOC problem with fixed terminal time.
Numerical solution methods
The ECTOC is essentially an optimization problem with the continuous state inequality constraint (3.16). This type of constraint often arises in the real process. Notwithstanding, it is difficult to deal with such constraints in the numerical computation. To achieve this, an integral penalty method in Bryson & Ho (1975) , an equivalent end point constraints method in Sargen & Sullivan (1977) and an exact penalty method in Jiang et al. (2012a) were introduced. However, a common characteristic of all these techniques is that the penalty terms or end point constraints introduced have zero gradients with respect to optimization variables at the solution. This, in turn can result in a reduced convergence rate near the solution (see Teo et al., 1991) . In this section, a numerical solution method is developed to solve the ECTOC.
To begin with, let
The constraint (3.16) is equivalently transcribed into
where
where h l = 0, l ∈ {1, 2, . . . , 12}. As a result, (4.1) is replaced with
where ε > 0, γ > 0 and
if − ε η ε, Then, ECTOC can be approximated by the approximately CTOC problem as follows:
Under appropriate assumptions, it is shown in Teo et al. (1991, Lemma 8.3. 3) that, for each ε > 0, there exists a γ (ε) > 0 such that, for all γ , 0 < γ < γ (ε), if an admissible pair (T, ξ) ∈F ε,γ , then it also satisfies the constraint (3.16). Now, to solve the CTOC, a sequence of problems {ECTOC ε,γ } needs to be solved. Each of {ECTOC ε,γ } can be solved as a mathematical programming problem in which the switching instants and terminal time are optimization variables. This mathematical programming problem can be solved using any efficient optimization technique, such as the sequential quadratic programming (SQP) routine (see Nocedal & Wright, 1999) . For this, the gradients for the cost functional and constraint with respect to the terminal time and switching instants are needed. It should be noted that the traditional methods for computing the gradients involve integrating the state system and the costate system in different directions, which is difficult to implement in numerical computation (see Teo et al., 1991; Loxton et al., 2008) . In contrast, a new scheme for computing the gradients is given in the following theorems. Define
(4.6) Theorem 4.1 For each ε > 0 and γ > 0, the gradients of the cost functional (4.5) and the constraint (4.2) with respect to the terminal time are, respectively, given by
Proof. The derivation of the gradient of the cost functionalJ ε,γ (T, ξ) as well asH ε,γ (T, ξ) with respect to T is similar. Thus, only the derivation of the gradient of the cost functionalJ ε,γ (T, ξ) with respect to T is given below.
To calculate the gradient of the cost functionalJ ε,γ (T, ξ) with respect to T, we need to calculate ∂x(1|T, ξ)/∂T. Note that g˜i (s) (x(s),x(s −h), T) is continuously differentiable with respect to its arguments. Therefore, by taking the partial derivative of both sides of (3.11) with respect to T, we obtain
Moreover,
we obtain the conclusion (4.7). The gradient formula (4.8) can be derived similarly. The proof is completed.
Theorem 4.2 For each ε > 0 and γ > 0, the gradients of the cost functional (4.5) and the constraint (4.2) with respect to the switching instants are, respectively, given by (4.13) where χ j (s) are the solution of the following time-delay systems:
with
Proof. The derivation of the gradient of the cost functionalJ ε,γ (T, ξ) with respect to ξ is similar to that ofH ε,γ (T, ξ) with respect to ξ . Therefore, we only give below the derivation of the gradient of the cost functionJ ε,γ (T, ξ) with respect to ξ . For j = 1, 2, . . . , 2n, by taking the partial derivative of both sides of (3.11) with respect to ξ j , we obtain
Sincex(s) is only dependent on those ξ j such that k j=1 ξ j s, it follows that
we obtain the conclusion (4.12). The gradient formula (4.13) can be derived similarly. The proof is completed.
In view of Theorem 4.1 and 4.2, the following algorithm can now be used to generate an approximate optimal solution of the CTOC.
Algorithm 4.1
Step 1. Choose initial values of ε, γ and (T, ξ); set parameters α < 1, β < 1,ε andγ .
Step 2. Solve the switched autonomous system with time delay (3.11-3.13) to obtainx(s), s ∈ (s j−1 , s j ], j = 1, 2, . . . , 2n + 1.
Step 3. Solve the time-delay systems (4.9-4.11) and (4.14-4.16) to obtain (4.7), (4.8), (4.12) and (4.13).
Step 4. Solve the ECTOC ε,γ using SQP to give At the conclusion of Steps 1-6, τ * ε,γ is an approximate optimal solution of the CTOC.
Numerical simulation results
In the numerical simulation, the reactant composition, cultivation conditions, and the determination of biomass, substrate and metabolites have been reported in Chen et al. (2003) . To numerically solve the switched autonomous system with time delay (2.1), the initial state, the velocity ratio of adding alkali to glycerol, the concentration of initial feed glycerol, the feeding rate of glycerol and timedelay argument are 43040.1514 + 100.2407 × (j − 245) v = 2.25873 × 10 −4 L s −1 and h = 0.217 h, respectively. In addition, the initial function φ is obtained by interpolating known experimental data (see using the cubic spline method (see Nocedal & Wright, 1999) .
In the computational process, we used the same switching instants settings' as those used to obtain the experimental results in , to optimize the switching instants. More specifically, the maximal duration of the fed-batch process is partitioned into the first batch phase (Ph. I) and phases II-X (Phs. II-X) according to the number of switchings. The same time durations for feed processes (respectively, batch processes) are adopted in each one of Ph. II-Ph. X. Namely, in each one of Ph. II-Ph. X, we only optimize the duration of the first feed process and that of the adjacent batch process. The remaining durations of feed processes (respectively, batch processes) are the same as the first one. This is also done for the computational time consideration since there are 1355 switchings in the maximal duration of the fed-batch process. Moreover, the bounds of the time durations in Ph. I-Ph. X are listed in Table 2 .
Applying Algorithm 4.1 to the CTOC, we obtain the optimal terminal time T * = 13.7082 h, in which the corresponding n * = 308, and the optimal switching instants in Ph. I and Phs. II-X as listed in Table 3 . Here, all the computations are performed in Visual C++ 6.0 and numerical results are plotted by MATLAB 7.10.0 (The Mathworks Inc.). In particular, the combination of the fourth-order RungeKutta integration scheme and the method of steps is used to integrate the time-delay systems with the relative error tolerance 10 −6 . The parameters α and β in Algorithm 4.1 were chosen as 0.1 and 0.01 until the solution obtained is feasible for the original problem. The process was terminated when ε = 1.0 × 10 −8 andγ = 1.0 × 10 −7 . It should be noted that the obtained optimal terminal time is much shorter than the original terminal time 24.16 h, which is key to reducing the operation costs. Moreover, under the obtained optimal switching instants and the optimal terminal time, the mass of 1,3-PD per unit time is 290.566 mmol h −1 which is increased by 16.273% in comparison with the experimental result 249.9 mmol h −1 at the corresponding time. Furthermore, the optimal computed profile of the mass of 1,3-PD per unit time is depicted by a solid curve in Fig. 1 . The experimental data are also shown in Fig. 1 for comparison. In particular, the mass of the 1,3-PD per unit time is equal to the 1,3-PD concentration at the initial moment. The computed results and experimental data are in Fig. 1 , from which we observe that the mass of 1,3-PD per unit time at the optimal terminal time is actually higher than the experimental data.
Conclusions
A switched autonomous system with time delay was proposed to formulate the fed-batch process. The CTOC problem with free terminal time was then presented. Using the time-scaling transformation and parametrizing the switching instants into new parameters, the optimal control problem was transcribed into an equivalent form. A computational approach was developed to seek the optimal control strategy. Finally, numerical simulation results verified the effectiveness of the computational method.
